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 Cluster Analysis is a collective term for various methods to find 
group structures in data

 The groups are called CLUSTERS and are usually not known a priori

 The aim = identification of a minimum number of groups 
such that:  

INTRO

such that:  
 we minimize  the “distance” among statistical units within the same cluster;
 We maximize the  “distance” between different clusters

 Basic concepts: 
 Distance for quantitative data
 Similarity (association) for qualitative data
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INTRO

Natural or arbitrary cluster?

Natural clusters                               Arbitrary clusters         
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 The cluster analysis is the scientific procedure to identify clusters 

 In cluster analysis, the group membership of the individual observations is 
determined such that:

 the groups are as heterogeneous as possible and 
 the observations within a group are as homogeneous as 

possible

INTRO

possible

 Whether a resulting cluster solution makes sense depends in practice on the 
interpretability of the identified clusters 

 There are many different algorithms which result in different numbers and 
sizes of clusters: in the following, we focus on the most common procedures
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Clustering methods can be divided into two large groups: 

1. partitioning methods and 

2. hierarchical clustering methods 

Methodi
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1. partitioning

Partitioning methods are characterized by the fact that the number of resulting 

clusters kk must be specified beforehand

As already mentioned, however, the number of clusters is usually not known, which is why 

Methodi

As already mentioned, however, the number of clusters is usually not known, which is why 

this property is often viewed as a disadvantage

Depending on the method used, the algorithm iteratively seeks the optimum
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1. partitioning

The famous k-means algorithm belongs to the partitioning cluster method: 

 kk cluster centers are chosen randomly and then 

 the sum of the squared distances of the observations to the nearest cluster center is 

minimized

Methodi

 The cluster centers are then re-determined by averaging and 

 the observations reassigned to the nearest clusters

 This happens until the assignment of observations does not change anymore
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2 - Hierarchical clustering methods are divided into 
2.A - agglomerative and 
2.B - divisive methods.

2.A - Agglomerative means nothing more than: 
* initially treating each observation as a separate cluster. 
* next, the two clusters that are closest to each other are clustered and 
* the distances between all clusters are calculated again. 
* this happens until all observations are finally grouped into a cluster. 

Metodi

* this happens until all observations are finally grouped into a cluster. 

2.B - In the divisive method, it is exactly the other way round: 
* the starting point is one single cluster that contains all observations
* this cluster divided into more and more clusters during the subsequent steps
* at the end each observation will be a single cluster.

Hierarchical cluster methods can be represented graphically by a DENDOGRAM
A dendrogram shows at which distance observations are summarized (agglomerative) or separated 

(divisive).
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2 - Hierarchical clustering methods are subdivided into 

2.A - agglomerative and 

2.B - divisive methods.

Metodi

Ex. Of agglomerative/divisive procedure                                                         Ex. Of a  dendogram
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Divisive method applied to vehicles 
considering the number of wheels  

Dendogram constructed on a countries’ 
food behavior dataset 



• Available information: data about
• k variables observed on 
• n statistical units

• Table of data: n k (n by k) matrix X=[xij] 
• xij = value of Xj observed on unit i
• i=1,…,n
• j=1,…,k

• Goal of the analysis: 

Punto di partenza
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• Goal of the analysis: 

• classification of the n units into homogeneous groups, 

• according to predefined criteria of diversity or similarity, 

• with the intent of getting a small number of categories or classes



• The Group Analysis or Cluster Analysis is a typical explorative method for the 

identification of clusters of similar units according to the nxk-dimensional observations. 

Before the analysis there is no certainty that such groups exist

Example: segmentation of the market of wine drinkers by the 

identification of homogeneous groups of customers

CA come analisi esplorativa
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identification of homogeneous groups of customers

• Final result: reduction of the dimension of the data table from the point of view of the 

statistical units (number of rows)  from n observed statistical units to g

homogeneous groups (g<n) 



Choices in CA:

1. Which informative variables must be considered?

2. Which distance or index of similarity must be used? 

3. Which method for the groups’ definition must be applied?
a) General criterium: internal cohesion and external separation

Domande centrali per eseguire una CA
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a) General criterium: internal cohesion and external separation
b) Methods:

• Hierarchical method: progressive aggregation of units
• Non hierarchical method: unique partition given the number g

of groups

4. How to evaluate the final partitions and to choose the optimal one?



RAGRUPPARE

Procedimento di definizione dei gruppi

CLUSTER ANALYSIS

Definizione di 
“lontananza”

Regola per formare i
gruppi

DISTANZA
(quantitative)

ASSOCIAZIONE
(nominali o 
categoriche)



Procedimento di definizione dei gruppi: misure di distanza





• Let’s denote with xi=(xi1,xi2,…,xik)’ and xu=(xu1,xu2,…,xuk)’ the k-dimensional vectors

of two statistical units (i-th and u-th row of the dataset)

• Proximity: resemblance, non diversity, … between two statistical units measured 
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• Proximity: resemblance, non diversity, … between two statistical units measured 

through the index 

PIiu=f(xi ,xu)



• Proximity Indices:

o For numeric variables
 Distances
 Distance indices
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o For categorical variables
 Similarity indices



• Distance (metrics) between units i and u is a function diu=d(xi ,xu) such
that:

1. d(xi ,xu) 0 (non negativity)

2. d(xi ,xu)= 0  xi = xu (identity)
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3. d(xi ,xu )= d(xu ,xi ) (symmetry)

4. d(xi ,xu ) d(xi ,xs )+d(xs ,xu )  xi,xs,xu k

(triangular inequality)
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Example

n=2 and k=2
x1=(10;5)’
x2=(12;7)’
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1d12 = 4

2d12 = 2.83

d12 = 2

(Manhattan)

(Euclidean)

(Chebichev)



Starting point of hierarchical methods:
nn matrix of distances
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Nelle prime tre distanze: 
le variabili con maggiore variabilità hanno

peso maggiore nella misura della 

Procedimento di definizione dei gruppi: misure di distanza

peso maggiore nella misura della 
dissomiglianza tra unità. 

Per evitare questo inconveniente: 
preferibile usare osservazioni 

standardizzate
o utilizzare la distanza di Mahalanobis.



RAGRUPPARE

Procedimento di definizione dei gruppi

CLUSTER ANALYSIS

Definizione di 
“lontananza”

Regola per formare i
gruppi

DISTANZA
(quantitative)

ASSOCIAZIONE
(nominali o 

categoriche): 
SIMILARITY INDEX



• Similarity index (for categorical variables)
between units i and u is a function Siu=S(xi ,xu) such that:

1. S(xi ,xu) 0 (non negativity)

2. S(x ,x )= 1  i (normalization)
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2. S(xi ,xi)= 1  i (normalization)

3. S(xi ,xu )= S(xu ,xi ) (symmetry)
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Choices in CA:

1. Which informative variables must be considered?

2. Which distance or index of similarity must be used? 

3. Which method for the groups’ definition must be applied?
a) General criterium: internal cohesion and external separation

Domande centrali per eseguire una CA
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a) General criterium: internal cohesion and external separation
b) Methods:

• Hierarchical method: progressive aggregation of units
• Non hierarchical method: unique partition given the number g

of groups

4. How to evaluate the final partitions and to choose the optimal one?



RAGRUPPARE

Procedimento di definizione dei gruppi

CLUSTER ANALYSIS

Definizione di 
“lontananza”

Regola per formare i
gruppi = 

CLASSIFICAZIONE

DISTANZA
(quantitative)

ASSOCIAZIONE
(nominali)



Procedimento di definizione dei gruppi: classificazione
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Procedimento di definizione dei gruppi: classificazione
METODI GERARCHICI



• Hierarchical methods provide a family of partitions of the

statistical units with a number g of groups which varies from n to 1:
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o Trivial starting partition: g=n groups of 1 unit

o Intermediate partitions: 1 < g < n

o Final partition: g=1 group of n units



CA hierarchical methods

Methods which use the n n matrix of distances (or of proximities) D:
1. The two nearest units (with minimum distance or maximum proximity) are

grouped

2. A new (n-1)(n-1) D matrix is computed, which represents the distances (or
proximities) between the n-1 clusters obtained in the previous step (n-2
clusters with 1 unit and 1 cluster with 2 units)

3. In the new D matrix the minimum distance (or maximum proximity) is
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3. In the new D matrix the minimum distance (or maximum proximity) is
detected and the two corresponding clusters are grouped

4. Previous steps are repeated, according to an iterated procedure, where at step
t we have g=n-t+1 groups and a (n-t+1)(n-t+1) D matrix, and the two nearest
clusters are grouped, with t=1,…,n

5. At the end of the procedure (t=n) we have 1 group with all the n units



The state of the art

CA: aim = identify the lower number of clusters such that

The units belonging the same cluster 
are more similar than … The units belonging different clusters

High within-cluster similarity
Low within-cluster variance

Low between-cluster similarity
High between-cluster variance

To identify clusters we should define

Distance or similarity Grouping’s rule
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Distance or similarity Grouping’s rule

Distance:

-Euclidean

-Manhattan

-Minkosky

-Chebichev

Similarity:
1. case of 

dichotomous var.
2. case of 

categorical var.
:

*Ind. of co-presences
(Russel&Rao; Jaccart)

*Ind. Co-presences 
and co-absences

(Sokal & Michener)

Hierarchical methods Non Hier. methods

Divisive: 

-Edwards & 
Cavalli Sforza

(trace of the 
deviance matrix)

-Friedman &Rubin
(min. the deviance

matrix determinant)

Agglomerative: 

-Single linkage
-Complete linkage

-Average linkage

•Centroide method
•Ward method



Procedimento di definizione dei gruppi: classificazione
METODI GERARCHICI



Criteria for computing the distance between two clusters (groups):

Let C1 and C2 be two clusters wit n1 and n2 units respectively

• Single linkage or nearest neighbour method:
d(C1,C2)=min( diu ) iC1 , uC2

• Complete linkage or farthest neighbour method:
d(C ,C )=max( d ) iC , uC
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d(C1,C2)=max( diu ) iC1 , uC2

• Average linkage between groups method or UPGMA
(Unweighted Pair-Group Method Using arithmetic Averages):

d(C1,C2)= i,u diu / (n1n2) , iC1 , uC2

• Average linkage within groups method (arithmetic average of
the distances between all the m=n1+n2 units of the two clusters
joined together):

d(C1,C2)= i>u diu / [m(m-1)/2] , i,u C1C2



Ex: 

Sptep 1

Step 2

Lower distance within 
our statistical units

After the first step we cluster A and B together and we treat it as a single entity. 
Now we re-compute the distance matrix among pairs of our 4 elements (AB, C, D, E )
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….

Now we re-compute the distance matrix among pairs of our 4 elements (AB, C, D, E )

Lower distance within 
our statistical units

After the second step we cluster D and E together and we treat it as a single entity. 
Now we re-compute the distance matrix among pairs of our 3 elements (AB, C, DE)
And so on 



Single linkage

Average linkages: 
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…. Among all pairs 

Complete linkage



Procedimento di definizione dei gruppi: classificazione
METODI GERARCHICI
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METODI GERARCHICI



Remarks:

• With the nearest neighbour method (SINGLE LINKAGE) we can have
the «chain effect»:

• two far units can be joined into the same cluster in the presence
of a sequence of intermediate points

• With the farthest neighbour method (COMPLETE LINKAGE) we can
have compact groups but with an approximately hyperspherical
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have compact groups but with an approximately hyperspherical
shape

• Average linkage method can be a good compromise to have internal
cohesion and external separation between the groups
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Procedimento di definizione dei gruppi: classificazione
METODI GERARCHICI
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Procedimento di definizione dei gruppi: classificazione
RAPPRESENTAZIONE GRAFICA
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Procedimento di definizione dei gruppi: classificazione
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Procedimento di definizione dei gruppi: classificazione
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Procedimento di definizione dei gruppi: classificazione
METODI GERARCHICI SCISSORI



Procedimento di definizione dei gruppi: classificazione
METODI GERARCHICI SCISSORI



The state of the art

CA: aim = identify the lower number of clusters such that

The units belonging the same cluster 
are more similar than … The units belonging different clusters

High within-cluster similarity
Low within-cluster variance

Low between-cluster similarity
High between-cluster variance

To identify clusters we should define

Distance or similarity Grouping’s rule
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Distance or similarity Grouping’s rule

Distance:

-Euclidean

-Manhattan

-Minkosky

-Chebichev

Similarity:
1. case of 

dichotomous var.
2. case of 

categorical var.
:

*Ind. of co-presences
(Russel&Rao; Jaccart)

*Ind. Co-presences 
and co-absences

(Sokal & Michener)

Hierarchical methods Non Hier. methods

Divisive: 

-Edwards & 
Cavalli Sforza

(trace of the 
deviance matrix)

-Friedman &Rubin
(min. the deviance

matrix determinant)

Agglomerative: 

-Single linkage
-Complete linkage
-Average linkage

•Centroide method
•Ward method
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Procedimento di definizione dei gruppi: classificazione
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Procedimento di definizione dei gruppi: classificazione
METODI  NON GERARCHICI

Due metodi principali
1) Aggregazioni dinamiche

2) K-means 2) K-means 



Choices in CA:

1. Which informative variables must be considered?

2. Which distance or index of similarity must be used? 

3. Which method for the groups’ definition must be applied?
a) General criterium: internal cohesion and external separation

Domande centrali per eseguire una CA
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a) General criterium: internal cohesion and external separation
b) Methods:

• Hierarchical method: progressive aggregation of units
• Non hierarchical method: unique partition given the number g

of groups

4. How to evaluate the final partitions and to choose the optimal one?



Fasi processo analisi cluster



8. Interpretazione dei risultati ottenuti
(fase finale)



Criteria for evaluating the partitioning:

Let C1 and C2 be two clusters wit n1 and n2 units respectively

• Given a partition of the units in g groups, the proportion of global
variability explained by this partition is:
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R2 =1-WD / TD = BD / TD  

This index takes values between 0 and 1 and the smaller the
number g (of groups) the smaller the index value



 There is no “right” number of clusters

 In order to get a feeling about how many clusters make sense, a screeplot is 
recommended: 

 a screeplot shows the number of clusters kk on the x-axis and the variance within the 

How Many Clusters?

 a screeplot shows the number of clusters kk on the x-axis and the variance within the 
clusters on the y-axis (which should be reasonably low). 

 The kk at which we see a kink (so-called elbow), is usually used, because additional clusters 
hardly contribute to the reduction (explanation) of the variance. 
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8. Interpretazione dei risultati ottenuti
(fase finale)

a screeplot shows the 
number of clusters kk on 
the x-axis and the 
variance within the 
clusters on the y-axis 
(which should be reasonably 
low). 

The kk at which we see a kink 
(so-called elbow), is usually 
used, because additional 
clusters hardly 
contribute to the 
reduction (explanation) 
of the variance. 



8. Interpretazione dei risultati ottenuti
(fase finale)

VERIFICA DELLA SIGNIFICATIVITA’

Nb. Indici costruiti sulla struttura del dendogramma



Esercitazione in R su cluster analysis


